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Abstract
The recently proposed gravitational entropy generalize the usual black hole entropy to Euclidean
solutions without U(1) symmetry in the framework of Einstein gravity. The entropy of such smooth
configuration is given by the area of minimal surface, therefore explaining the Ryu-Takayanagi for-
mula of holographic entanglement entropy. In this note we investigate the generalized gravitational
entropy for general Lovelock gravity in arbitrary dimensions. We use the replica trick and consider
the Euclidean bulk spacetime with conical singularity localized at a codimension two surface. We
obtain a constraint equation for the surface by requiring the bulk equation of motion to be of good
behavior. When the bulk spacetime is maximally symmetric, the constraints show that the traces
of the extrinsic curvatures of the surface are vanishing, i.e. the surface has to be geometrically
a minimal surface. However the constraint equation cannot be obtained by the variation of the
known functional for holographic entanglement entropy in Lovelock gravity.
∗bchen01@pku.edu.cn
†jjzhang@pku.edu.cn
1 Introduction
One of the most curious characteristics of black hole thermodynamics is the area law of the Bekenstein-
Hawking entropy [1, 2]
S =
A
4G
, (1.1)
with A being the area of the black hole event horizon. This entropy was reconsidered in [3] from the
point of view of Euclidean quantum gravity. The Euclideanized black hole solution is a saddle point of
the action and its thermodynamic partition function allows one to read the above entropy. In this case,
the solution and the boundary condition have a U(1) symmetry. Very recently in a remarkable paper [4]
the gravitational entropy was generalized to the situation without U(1) symmetry1. The basic setup is
to consider metrics ending on a boundary. The boundary is of a noncontractible circle τ ∼ τ + 2π and
the boundary data respects the periodic condition. Moreover the spacetime in the interior has to be
smooth. Then one may use the replica trick to compute entropy
S = −n∂n(logZ(n)− n logZ(1))|n=1. (1.2)
Here logZ(1) is the Euclidean action of original configuration and logZ(n) is the one of the configuration
with the same boundary data but new circle τ ∼ τ+2πn. In practice, one may analytically continue the
geometries away from integer values of n and consider the case n is very near 1. This would introduce
conical singularity localized at a codimension two surface. In this case, the net result is similar to
that one introduces a very light codimension three brane into the original geometry and treats the
codimension two surface as the worldvolume of the codimension three brane, and gravitational entropy
comes from the Nambu-Goto action of the brane. By minimizing the Nambu-Goto action, one finds that
worldvolume of the brane should respect the minimal area condition.2 In other words, the generalized
gravitational entropy is given by the area of the minimal codimension two surface in the bulk
S =
Aminimal
4GN
. (1.3)
In the case that the configurations have U(1) symmetry, this entropy is reduced to the Bekenstein-
Hawking entropy.
This generalized entropy is defined in quite general situations, basing on the holographic nature of
quantum gravity. In the case that the boundary is asymptotically AdS, the boundary theory is better
understood. From AdS/CFT correspondence [6–8], the gravitational entropy defined above provides a
holographic way to compute the entanglement entropy of corresponding density matrix in the boundary
theory. It actually explains the Ryu-Takayanagi formula of holographic entanglement entropy [9, 10].3
1Note that there was similar suggestion in [5].
2In the four-dimensional gravity case this would be a cosmic string. Note that there is some abuse of terminology
here, because the codimension two surface is different from the worldvolume of a codimension three brane. For example
the worldvolume of a codimension three brane would include the direction of time, but the codimension two surface is
not extended in the time direction.
3For earlier efforts to explain Ryu-Takayanagi formula, please see [5, 11–14].
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In fact, the above discussion is in the framework of Einstein gravity. It would be interesting to
generalize the discussion to the gravity theory with higher curvature terms. As the first step, in this
note we investigate Lovelock gravity in various dimensions. One virtue of Lovelock gravity is that the
gravitational equations of motion involve only second order derivatives so that the study is relatively
easy. Moreover we have the results on holographic entanglement entropy in Lovelock gravity as guide.
Just like the black hole entropy in higher curvature gravities [15–18], the formula of holographic
entanglement entropy for higher curvature gravities should be modified [11,19–22]. The area law should
be replaced by the extreme of another functional of the embedding of a codimension two surface in
the bulk, and this is crucial for the holographic proof of the strong subadditivity of entanglement
entropy [23]. The direct choice is the functional given by Wald formula [16–18]. However this choice is
spoiled by the ambiguities of the extrinsic curvatures of the embedding [11, 20]. It was argued in [21]
that in general the Wald formula is not the correct one. Instead it was suggested that the functional for
Lovelock gravity could be given by the Jacobson-Myers formula [15], which is purely determined by the
intrinsic curvature of the submanifold. The Jacobson-Myers functional was first proposed as the black
hole entropy formula, and also was suggested in [18] as the entropy of a dynamic black hole in Lovelock
gravity4. It gives the same result as the Wald formula for the black hole. The proposal of [21] was
applied to AdS solitons in [22] and well-behaved results were obtained. There was also investigation on
the thermodynamics of entanglement entropy using holographic method for Lovelock gravity in [24],
which generalizes the analysis in [25, 26] for Einstein gravity.
For the generalized gravitational entropy, it is not a priori clear what kind of functional we should
use. There are a few consistent checks on the action functional. First of all it must reduce to the
Wald formula for the black hole. Secondly it may give the holographic entanglement entropy when
the asymptotic boundary is AdS. However the basic requirement for the functional is that its variation
should give the constraint equation of the codimension two surface. In the present work we use the
method in [4] to find the constraint equation for the codimension two surface in Lovelock gravity, and
compare it with the one from the variation of functional law for holographic entanglement entropy in
Lovelock gravity as suggested in [21]. We find that they disagree with each other. If the result in this
note is correct, it suggests either that the generalized gravitational entropy in Lovelock gravity should
not be interpreted as the holographic entanglement entropy or the Jacobson-Myers functional in [21]
needs modification. Also it is possible that the procedure in this paper should be modified to yield
desirable results, and we will discuss this further in the conclusion section of the note. For comparison
we also consider the variation of the Wald functional when the bulk spacetime has maximal symmetry,
and we find that the constraint equation cannot be got from the Wald functional either.
The remaining part of the paper is organized as follows. In Section 2 we consider the Gauss-Bonnet
gravity. We firstly get the constraint equation for the codimension two surface from the equation of
4This was pointed out explicitly in [4].
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motion of the bulk with conical singularity, and then we try to get the equation of the surface from the
variation of the Jacobson-Myers functional. We find that two equations disagree with each other. In
Section 3 we do similar analysis for general Lovelock gravity. We end with conclusion and discussion
in Section 5. There are some calculation details in Appendix A and B.
Note At the same time the first version of this paper appeared in arXiv, there appeared another
paper [27] which has some overlaps with our work. The authors in [27] considered holographic entan-
glement entropy in five-dimensional Gauss-Bonnet gravity and the results there are not in conflict with
ours. However there were additional approximations used there, based on which it was claimed that
the constraint equation from conical geometry agreed with that from the variation of Jacobson-Myers
functional. This inspires us to investigate in detail the difference between the constraint equation from
conical geometry with the one from the variation of Jacobson-Myers functional. We find that the dif-
ference is negligible if the cubic terms is much smaller than the linear terms (4.8). We present our
investigations in Section 4
2 Gauss-Bonnet gravity
For simplicity, in this section we consider the generalized gravitational entropy in Gauss-Bonnet gravity.
2.1 Black hole entropy
We use Euclidean signature for the (d+1)-dimensional spacetime manifoldM, and the coordinates are
xµ and the metric is gµν . The action of Gauss-Bonnet gravity has the form
IGB = − 1
16πG
∫
M
dd+1x
√
g
[
R− 2Λ + λ(R2 − 4RµνRµν +RµνρσRµνρσ)
]
, (2.1)
where the boundary terms and possible matter actions have been omitted. The equation of motion is
Rµν + 2λ(RRµν − 2RµρR ρν − 2RρσRρµσν +RµρσλR ρσλν )
−1
2
gµν
[
R− 2Λ + λ(R2 − 4RρσRρσ +RρσλτRρσλτ )
]
= 8πGTµν (2.2)
with Tµν being the energy-momentum-stress tensor of matter.
To get the entropies of black holes in a higher curvature gravity, one can use the Wald formula
[16–18], or equivalently the conical singularity method [28, 29]. From the Euclidean gravity action
I = −
∫
M
dd+1x
√
gL, (2.3)
the Wald formula of the black hole entropy is
S = 2π
∫
Σ
dd−1y
√
h
∂L
∂Rµνρσ
ǫµνǫρσ, (2.4)
with Σ being the event horizon, yi and hij being the coordinates and metric of Σ. The horizon is of
codimension two. There are two normal vectors nµ(α) with α = 1, 2, being normalized as n
µ
(α)n(β)µ = δαβ ,
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from which one may define
ǫµν = nµ(1)n
ν
(2) − nµ(2)nν(1). (2.5)
It can be checked easily that [30, 31]
ǫµνǫρσ = (nµnρ)(nνnσ)− (nµnσ)(nνnρ), (2.6)
with the definition (nµnν) =
∑2
α=1 n
µ
(α)n
ν
(α). There are useful relations (n
µnν)(nνn
ρ) = (nµnρ) and
(nµnµ) = 2.
Using the Wald formula, for Gauss-Bonnet gravity one can get the entropy
SGB =
1
4G
∫
Σ
dd−1y
√
h [1 + 2λ(R− 2Rµν(nµnν) +Rµνρσ(nµnρ)(nνnσ))] . (2.7)
From Gauss-Codazzi equation one has
R = R− 2Rµν(nµnν) +Rµνρσ(nµnρ)(nνnσ) +K(α)K(α) −K(α)µνKµν(α), (2.8)
where R is the intrinsic curvature of Σ and summation of the index α is indicated. The extrinsic
curvatures and their traces are defined as
K(α)µν = h
ρ
(µh
σ
ν)∇ρn(α)σ,
K(α) = h
µνK(α)µν , (2.9)
with the induced metric being
hµν = gµν − (nµnν). (2.10)
One can also define the projected Riemann tensor, Ricci tensor and Ricci scalar as
Rµνρσ ≡ hλµhτνhκρhωσRλτκω,
Rµν ≡ hρσRρµσν ,
R ≡ hµνRµν . (2.11)
Then the entropy of the black hole in Gauss-Bonnet gravity is
SGB =
1
4G
∫
Σ
dd−1y
√
h (1 + 2λR) . (2.12)
Since the extrinsic curvatures vanish for the black hole horizon, this is just
SGB =
1
4G
∫
Σ
dd−1y
√
h (1 + 2λR) . (2.13)
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2.2 Constraint equation from replica trick
In this subsection we use the arguments in [4] with some modifications to discuss the generalized
gravitational entropy in the Gauss-Bonnet gravity. We see how the equation of motion for Gauss-
Bonnet gravity in the bulk with conical singularity localized at a codimension two surface constrain the
surface. Note that as stated in [4] for Einstein gravity, the constraint equation is similar to the equation
of motion for the world volume of a codimension three brane; i.e. a (d−2)-brane in (d+1)-dimensional
spacetime M. When M is four-dimensional it would be similar to the equation for the world sheet of
a cosmic string [32, 33].
For a (d + 1)-dimensional manifold M , at the vicinity of a codimension two surface Σ, we could
have the approximation of metric locally
ds2 = gαβdx
αdxβ + (hij + 2x
αK(α)ij)dy
idyj + · · · , (2.14)
with α = 1, 2, and i = 1, 2, · · · , d− 1. Here we also have
gαβdx
αdxβ = (dx1)2 + (dx2)2 = dr2 + r2dφ2 = dzdz¯. (2.15)
The notation · · · represents the deviations from our approximation, which is supposed not to contribute
in our analysis. In (2.14) K(α)ij is just the extrinsic curvature for the embedding of Σ inM, and hij is
the metric of Σ. In the replica trick, there is a conical singularity localized everywhere on Σ [11]. We
makes n copies of the bulk and identify them properly, and when n = 1+ ǫ with ǫ being infinitesimally
small the metric (2.14) becomes
ds2 = e2ρgαβdx
αdxβ + (hij + 2x
αK(α)ij)dy
idyj + · · · , (2.16)
with
ρ = −ǫ ln r = − ǫ
2
ln(zz¯). (2.17)
Note that the terms we omitted in (2.14) would be modified too, and so the · · · in (2.14) and (2.16)
would be different, but we expect that such modification will not affect our final result5.
Now we would like to investigate the equation of motion for the Gauss-Bonnet gravity (2.2) for the
conical metric (2.16). We only consider the vicinity of the surface, i.e. near the origin of the cone,
to the leading order of ǫ. We focus on the divergent terms of order ∂αρ ∼ 1r , and do not care the
δ-function terms ∂a∂αρ ∼ δ2(x) or the terms ρ ∼ ln r. Note that in the following part of this section
what we mean by ‘equals’ is the equality with the above approximations in mind, the subleading terms
and the terms that do not contribute to order 1
r
in the final results are omitted.
Firstly we have to calculate the curvature tensors for the metric (2.16). The results are summarized
in Appendix A. With all the results, from the (zz)-component of the equation of motion (2.2), we get
8πTzz = 2∂zρ
[
hij − 4λ
(
Rij − 1
2
Rhij
)]
K(z)ij + · · · , (2.18)
5We thank Dmitri Fursaev for discussion on this issue.
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with · · · being terms that do not contribute at order 1
r
. We suppose Tzz is well-behaved near r = 0, so
we have
(hij − 4λGij)K(z)ij = 0, (2.19)
with Gij = Rij − 12Rhij . Similarly from the (z¯z¯)-component of the equation of motion we get
(hij − 4λGij)K(z¯)ij = 0. (2.20)
In summary, we have
(hij − 4λGij)K(α)ij = 0, α = 1, 2. (2.21)
When the bulk spacetime M has maximal symmetries
Rµνρσ =
2Λ˜
d(d− 1)(gµρgνσ − gµσgνρ), (2.22)
we have
Rijkl =
2Λ˜
d(d − 1)(hikhjl − hilhjk). (2.23)
Then the constraint equation (2.21) becomes(
1 +
4(d− 2)(d− 3)
d(d− 1) λΛ˜
)
K(α) = 0, α = 1, 2. (2.24)
which is just the condition that the trace of extrinsic curvature is vanishing
K(α) = 0, α = 1, 2. (2.25)
In other words, for maximally symmetric spactime, the codimension two surface must be a minimal
surface.
2.3 Functional law?
In [21], it was argued that for the Gauss-Bonnet gravity, as well as general Lovelock gravity which we
will consider in the next section, the functional for the holographic entanglement entropy should be
given solely by the intrinsic curvature of the surface and some boundary terms for the variation problem
being well defined. Explicitly, for Gauss-Bonnet gravity the functional is unambiguously given by
SGB =
1
4G
∫
Σ
dd−1y
√
h(1 + 2λR) + λ
G
∫
∂Σ
dd−2y
√
σK, (2.26)
with K being the trace of the extrinsic curvature for the embedding of ∂Σ in Σ. As is known, the
extreme of the area law is equivalent to the vanishing of the trace of the extrinsic curvatures, and one
could see, for example, in [34] for a derivation. In this section we will show what the functional (2.26)
leads to.
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We start from a D-dimensional Euclidean manifold M with coordinates xµ and metric gµν . We
consider a codimension n surface Σ embedded inM, and we label its coordinates by yi. For the surface
Σ there would be n normal vectors nµ(α) with α = 1, 2, · · · , n. The normal vectors are chosen such that
n
µ
(α)n(β)µ = δαβ . (2.27)
The induced metric on Σ is defined as
hµν = gµν −
n∑
α=1
n(α)µn(α)ν . (2.28)
and the extrinsic curvatures and their traces are defined the same as (2.9).
The embedding of Σ in M could be characterized by the functions
xµ = Xµ(y). (2.29)
The vector ∂iX
µ is the tangent to the Σ, and
∂iX
µn(α)µ = 0, (2.30)
for arbitrary i = 1, 2, · · · , D−n and α = 1, 2, · · · , n. The metric hij on Σ is the pullback of gµν onM,
hij = ∂iX
µ∂jX
νgµν = ∂iX
µ∂jX
νhµν . (2.31)
There is a useful relation
hij∂iX
µ∂jX
ν = hµν . (2.32)
Other tensors on M could be pulled back to Σ too, and for example there is
K(α)ij ≡ ∂iXµ∂jXνK(α)µν = ∂(iXµ∂j)Xν∇µn(α)ν . (2.33)
The problem is to find the equation that follows from the variation of the functional
AGB =
∫
Σ
dD−ny
√
h(1 + 2λR) + 4λ
∫
∂Σ
dD−n−1y
√
σK (2.34)
with ∂Σ being fixed. Note that we are varying the different embedding, and so this is just the variation
of Xµ(y) in (2.29). We have
δhij = ∂iδX
µ∂jX
νgµν + ∂iX
µ∂jδX
νgµν + ∂iX
µ∂jX
ν∂ρgµνδX
ρ. (2.35)
Since ∂Σ is fixed, at the boundary we have
δXµ|∂Σ = 0, (2.36)
and from which there is
δhij |∂Σ = 0. (2.37)
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Thus the variation of (2.34) is well defined, and we get
δAGB = 1
2
∫
Σ
dD−ny
√
h(hij − 4λGij)δhij , (2.38)
with Gij being the Einstein tensor defined by hij . Note that on Σ, Xµ, gµν and nµ(α) are all scalars.
Then using (2.35), from δAGB
δXµ
= 0 we have [11]
(hij − 4λGij)Πµij = 0, (2.39)
where
Πµij = Di∂jX
µ + Γµρσ∂iX
ρ∂jX
σ, (2.40)
with Di being the covariant derivative with respect to hij and Γ
µ
ρσ being the Christoffel connection
defined by the metric gµν . In deriving the above formula we have used the fact that Dih
ij = DiGij = 0.
One can show that
Πµijgµν∂kX
ν = 0, (2.41)
which stems from the diffeomorphism invariance of the functional (2.34). Thus the only independent
components of Πµij are
n(α)µΠ
µ
ij = −K(α)ij , (2.42)
which is just the pullback of the extrinsic curvature. Thus we could conclude that the extreme condition
for the functional (2.34) is equivalent to the requirement
(hij − 4λGij)K(α)ij = 0, α = 1, 2, · · · , n. (2.43)
The result here is ready to be compared to the result (2.21) from the replica trick. Immediately
we find that they are different. In the result (2.21) there is the pullback curvature, and in the result
(2.43), which follows from the proposal of [21], there is the intrinsic curvature. Then we conclude that
the generalized gravitational entropy for Gauss-Bonnet gravity is not the holographic entanglement
entropy.
Still we are curious whether the equation (2.21) could be got by variation of some other functionals.
Another natural candidate would be the Wald functional (2.44)
AGB =
∫
Σ
dD−ny
√
h(1 + 2λR) +
∫
∂Σ
dD−n−1y
√
σ · · · (2.44)
Note that there are possible boundary terms that renders the variation problem being well defined, and
we will not try to pursue these terms in this paper. In varying the functional (2.44) we consider only
the case when the bulk space M has maximal symmetries. In this case we have
Rµνρσ =
2Λ˜
(D − 1)(D − 2)(hµρhνσ − hµσhνρ), (2.45)
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and then the functional (2.44) becomes
AGB =
(
1 +
4(D − n)(D − n− 1)
(D − 1)(D − 2) λΛ˜
)∫
Σ
dD−ny
√
h+
∫
∂Σ
dD−n−1y
√
σ · · · . (2.46)
Then the variation of the above functional is the same as the one from the area functional and leads
to the result that the traces of the extrinsic curvatures are vanishing
K(α) = 0, α = 1, 2, · · · , n. (2.47)
However, we would like to write it in a clumsy way(
1 +
4(D − n)(D − n− 1)
(D − 1)(D − 2) λΛ˜
)
K(α) = 0, α = 1, 2, · · · , n. (2.48)
For D = d+ 1, n = 2, it becomes(
1 +
4(d− 2)
d
λΛ˜
)
K(α) = 0, α = 1, 2. (2.49)
Indeed when the bulk spacetime M has maximal symmetries the variation of the Wald functional
leads to the conclusion that the traces of the extrinsic curvatures of the embedded surface must be
vanishing, the same as the constraint equation. However the prefactors in (2.49) and (2.24) are dis-
turbingly different. Actually they are only in match when Λ˜ = 0 or d = 2. This mismatch strongly
suggests that the equation (2.21) could not be obtained by the variation of the functional (2.44).
3 Lovelock gravity
In this section we consider the general Lovelock gravity. The calculation is parallel to that of Gauss-
Bonnet gravity, and the result and conclusion are similar.
3.1 Black hole entropy
The action of general Lovelock gravity could be written as
IL = − 1
16πG
∫
M
dd+1x
√
g
[ d+1
2
]∑
m=0
λmL(m), (3.1)
with [d+12 ] being the integer part of
d+1
2 , and L(m) being the m-th order Lagrangian of Lovelock gravity
L(m) =
(2m)!
2m
δµ1ν1···µmνmρ1σ1···ρmσmR
ρ1σ1
µ1ν1
· · ·Rρmσmµmνm , (3.2)
where we have used the definition that
δµ1ν1···µmνmρ1σ1···ρmσm ≡ δµ1[ρ1 δ
ν1
σ1
· · · δµmρm δνmσm],
Rρσµν ≡ R ρσµν . (3.3)
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It can be shown that
L(0) = 1, L(1) = R,
L(2) = R
2 − 4RµνRµν +RµνρσRµνρσ . (3.4)
If only keeping λ0 = −2Λ, λ1 = 1 nonvanishing, we get the Einstein gravity, while keeping λ0 =
−2Λ, λ1 = 1, λ2 = λ nonvanishing we obtain the Gauss-Bonnet gravity (2.1). The equation of motion
for the Lovelock gravity is
[ d+1
2
]∑
m=0
λm
(
P
ρσλ
(m)(µ Rν)ρσλ −
1
2
L(m)gµν
)
= 8πGTµν , (3.5)
where we have defined
P
σµν
(m)ρ ≡
∂L(m)
∂R
ρ
σµν
. (3.6)
Explicitly we have
P
µν
(m)ρσ ≡ P
µν
(m)ρσ =
m(2m)!
2m
δµνµ2ν2···µmνmρσρ2σ2···ρmσmR
ρ2σ2
µ2ν2
· · ·Rρmσmµmνm . (3.7)
Using the Wald formula, the black hole entropy in the Lovelock gravity could be calculated as
S
(W )
L =
1
4G
∫
Σ
dd−1y
√
h
[ d+1
2
]∑
m=1
mλmL(m−1). (3.8)
Actually the black hole entropy could also be derived using the Hamiltonian approach [15]
S
(JM)
L =
1
4G
∫
Σ
dd−1y
√
h
[ d+1
2
]∑
m=1
mλmL(m−1). (3.9)
The quantities L(m−1) and L(m−1) are (m − 1)-th order Lovelock Lagrangians defined on the horizon
Σ, and the difference is that L(m−1) is defined from the projected curvature Rijkl (A.4) and L(m−1)
is defined from the intrinsic curvature Rijkl of Σ. For the black hole horizon the extrinsic curvature
vanishes so that the above two formulas coincide.
3.2 Constraint from replica trick
In this subsection we evaluate the equation of motion (3.5) for the geometry with conical singularity
(2.16). Note that we only focus on the 1
r
terms. Firstly we consider the (zz)-component
8πGTzz =
[ d+1
2
]∑
m=0
λmP
ρσλ
(m)z Rzρσλ. (3.10)
We leave the details of the calculation in Appendix B. The result is
8πGTzz = −4∂zρK(z)ij
[ d+1
2
]∑
m=1
mλm
(
P
i
(m−1) klpR
jklp − 1
2
L(m−1)h
ij
)
+ · · · , (3.11)
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with the definition (B.8).
The well-behavior of Tzz near the origin leads to
[ d+1
2
]∑
m=1
mλm
(
P
i
(m−1) klpR
jklp − 1
2
L(m−1)h
ij
)
K(z)ij = 0. (3.12)
This result plus similar one from the (z¯z¯)-component give the final result
[ d+1
2
]∑
m=1
[
mλm
(
P
i
(m−1) klpR
jklp − 1
2
L(m−1)h
ij
)]
K(α)ij = 0, α = 1, 2. (3.13)
In the case of the bulk has maximal symmetries (2.22), the above equation becomes
[ d+1
2
]∑
m=1
mλm
(d− 2)!
(d− 2m)!
[
2Λ˜
d(d− 1)
]m−1
K(α) = 0, α = 1, 2. (3.14)
In this case, the traces of the extrinsic curvatures of the embedded surface are vanishing.
3.3 Functional
In [21], it was argued that the functional is given by (3.9) plus some boundary terms for the variational
problems to be well defined. The boundary terms are not guaranteed to exist for general higher
curvature gravity, but they do exist for Lovelock gravity [35, 36]. From the variation of the Jacobson-
Myers functional
AL =
∫
Σ
dD−ny
√
h
[D−n
2
]+1∑
m=1
mλmL(m−1) +
∫
∂Σ
dD−n−1y
√
σ · · · , (3.15)
we get
δAL = 1
2
∫
Σ
dD−ny
√
h
[D−n
2
]+1∑
m=1
[
mλm
(
L(m−1)hij − 2P i(m−1) klpRjklp
)]
δhij , (3.16)
with
P klp(m−1)i ≡
∂L(m−1)
∂Riklp
. (3.17)
Then using
Di
(
P (i(m−1) klpRj)klp −
1
2
L(m−1)hij
)
= 0, (3.18)
we arrive at
[D−n
2
]+1∑
m=1
[
mλm
(
P i(m−1) klpRjklp −
1
2
L(m−1)hij
)]
Πµij = 0, (3.19)
which is equivalent to
[D−n
2
]+1∑
m=1
[
mλm
(
P i(m−1) klpRjklp −
1
2
L(m−1)hij
)]
K(α)ij = 0, α = 1, 2, · · · , n. (3.20)
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Similarly, we may consider the variation of Wald functional
AL =
∫
Σ
dD−ny
√
h
[D−n
2
]+1∑
m=1
mλmL(m−1) +
∫
∂Σ
dD−n−1y
√
σ · · · . (3.21)
Again we only consider the simple case in which the bulk spacetime is of maximal symmetries, and
then the above functional is
AL =
[D−n
2
]+1∑
m=1
mλm
(D − n)!
(D − n− 2m+ 2)!
[
2Λ˜
(D − 1)(D − 2)
]m−1 ∫
Σ
dD−ny
√
h+
∫
∂Σ
dD−n−1y
√
σ · · · .
(3.22)
Then the variation of the functional for the special case D = d+ 1, n = 2 leads to
[ d+1
2
]∑
m=1
mλm
(d− 1)!
(d+ 1− 2m)!
[
2Λ˜
d(d− 1)
]m−1
K(α) = 0, α = 1, 2. (3.23)
Obviously the relation (3.13) is different from (3.20). This means that the constraint equation for
the codimension two surface (3.13) could not be found by the variation of the functional (3.9). Also
the prefactor of (3.14) is different from that of (3.23), and this means that the equation (3.13) could
not be got by the variation of the functional (3.21) either.
4 Further investigation
Due to the intimate relation between generalized gravitation entropy and holographic entanglement
entropy, even if the Jacobson-Myers functional may not be the functional for the gravitational entropy, it
may be the dominant part. It would be interesting to compare the constraint equation from generalized
gravitational gravity and the equation got from Jacobson-Myers functional in the case that the explicit
computation is available. In this section we make such comparison for the cases that the entangling
surface is a sphere and a cylinder and the bulk is pure AdS5 in Gauss-Bonnet gravity.
As is shown before for Gauss-Bonnet gravity the constraint equation of the codimension two surface
from the bulk conical geometry is (2.21)[
hij − 4λ
(
Rij − 1
2
Rhij
)]
K(α)ij = 0, α = 1, 2, (4.1)
and that equation from the variation of the Jacobson-Myers functional is (2.43)[
hij − 4λ
(
Rij − 1
2
Rhij
)]
K(α)ij = 0, α = 1, 2. (4.2)
Note that Rij ,R are the projected curvatures, and Rij ,R are the intrinsic curvatures of Σ. From
Gauss-Codazzi equation there are (A.5)
Rijkl = Rijkl −K(α)ik K(α)jl +K(α)il K(α)jk,
Rij = Rij −K(α)K(α)ij +K(α)ik K k(α)j ,
R = R−K(α)K(α) +K(α)ij Kij(α). (4.3)
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Then the difference between the two equations (4.1) and (4.2) is
4λ
[
(K(β)K(β)ij −K(β)ik K k(β)j )−
1
2
hij(K
(β)K(β) −K(β)klK(β)kl)
]
K
ij
(α), α = 1, 2. (4.4)
In the case of static geometry, we can choose the x1 coordinate in the conical geometry (2.16) to be
the Euclidean time x1 = t, thus we have
K(1)ij = 0. (4.5)
Then the difference (4.4) becomes
− 2λ
[
K(2)K(2)K(2) − 3K(2)K(2)ijKij(2) + 2K(2)ijKjk(2)K
i
(2)k
]
, (4.6)
which is in accord with the result in [27]. If these cubic terms of the extrinsic curvatures are much
smaller than the linear terms, i.e. that
λ
[
K(2)K(2)K(2) − 3K(2)K(2)ijKij(2) + 2K(2)ijKjk(2)K
i
(2)k
]
≪ {K(2),GijK(2)ij}, (4.7)
or a little stronger condition
λ{K(2)K(2)K(2),K(2)K(2)ijKij(2),K(2)ijKjk(2)K
i
(2)k} ≪ {K(2),GijK(2)ij}, (4.8)
the difference (4.6) could be neglected.
Note that there are some differences between our approximations with those in [27]. The approxima-
tions there are for the conical geometry, but our approximations are for the original regular geometry.
For the consistency of the constraint equations (4.1) and (4.2) we do not need every linear term of
the extrinsic curvature be much smaller than the cubic terms, and for Gauss-Bonnet gravity in static
spacetime the requirements (4.7) or (4.8) would be enough.
When the bulk is pure AdS5 in Gauss-Bonnet gravity and for spherical entangling surface in the
boundary, we write the bulk geometry as
ds2 =
L˜2
z2
(dt2 + dz2 + dr2 + r2dΩ22). (4.9)
The sphere in the boundary has radius R, and the minimal area codimension two surface Σ in the bulk
is [10]
t = t0, z
2 + r2 = R2, (4.10)
with t0 being a constant. The surface has two normal vectors
n(1)µ =
L˜
z
(1, 0, 0, 0, 0),
n(2)µ = −
L˜
z
√
z2 + r2
(0, z, r, 0, 0), (4.11)
and then the two extrinsic curvarues are vanishing
K(1)ij = K(2)ij = 0. (4.12)
Thus the surface would also be the solution to both (4.1) and (4.2).
When the entangling surface is a cylinder with radius R, we write the bulk pure AdS5 geometry as
ds2 =
L˜2
z2
(dt2 + dz2 + dx3 + dr2 + r2dφ2). (4.13)
Now the minimal area surface Σ is
t = t0, r = f(z), (4.14)
and f(z) could be got perturbatively [21, 37]
f(z) = R − 1
4R
z2 +O(z4). (4.15)
The metric on Σ is
ds2 =
L˜2
z2
[
(1 + f ′(z)2)dz2 + dx2 + f(z)2dφ2
]
. (4.16)
The two normal vectors of Σ are
n(1)µ =
L˜
z
(1, 0, 0, 0, 0),
n(2)µ =
L˜
z
√
1 + f ′(z)2
(0, f ′(z), 0,−1, 0), (4.17)
and the extrinsic curvatures are
K(1)ij = 0,
K(2)zz = O(z), K(2)zx = O(z2), K(2)zφ = O(z2),
K(2)xx =
L˜
2Rz
+O(z), K(2)xφ = 0,
K(2)φφ = −
L˜R
2z
+O(z). (4.18)
Then there is
K(2) = O(z3). (4.19)
The Einstein tensor on Σ is
Gzz = 1
z2
+
1
2R2
+O(z2),
Gzx = O(z3), Gzφ = O(z3),
Gxx = 1
z2
+O(z2), Gxφ = O(z4),
Gφφ = R
2
z2
− 1
2
+O(z2), (4.20)
from which we get
GijK(2)ij = O(z3). (4.21)
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There are also
K(2)K(2)K(2) = O(z9),
K(2)K(2)ijK
ij
(2) = O(z5),
K(2)ijK
jk
(2)K
i
(2)k = O(z5). (4.22)
Thus (4.15) is solution to both (4.1) and (4.2). For large z there is still possible difference, but the
difference will not contribute to the divergent terms of the entanglement entropy.
For the sphere and cylinder cases in pure AdS5 of Gauss-Bonnet gravity, the constraint equations
from replica trick and Jacobson-Myers functional are consistent, and the results do not contradict those
in [21]. It is tempting to conjecture that the same thing happens in general Lovelock gravity in arbitrary
dimensions. Indeed the difference of the constraint equations (3.13) and (3.20) are proportional to the
cubic and higher order of the extrinsic curvatures. But we can not draw such conclusion without
explicit checks as above. Generally we expect that the constraint equations from replica trick and
Jacobson-Myers functional for general Lovelock gravity in arbitrary dimensions would be different.
5 Conclusion and discussion
In this paper we followed the work [4] and investigated the generalized gravitational entropy in Lovelock
gravity. We considered general Lovelock gravity in (d+1)-dimensional Euclidean spacetimeM. In using
the replica method, there is a conical singularity inM localized on a codimension two hyperspace. We
required that the energy-momentum tensor to be well behaved near the cone, and obtained a constraint
equation for Σ. When the bulk spacetime is maximally symmetric, the constraint requires the vanishing
of the traces of the extrinsic curvatures of the surface, or equivalently the surface should be geometrically
a minimal surface.
As Σ is the surface where the gravitational entropy was calculated, the constraint equation should
follow from the variation of some functional of the embedding of Σ in M. For Einstein gravity, this
functional is just the Nambu-Goto action of the surface. For Lovelock gravity, this functional should be
modified. There are two candidates for the functional. One is the Jacobson-Myers functional suggested
in [21] which depends purely on the intrinsic curvature of the surface, and the other is the Wald
functional. In [21] it was argued that the Wald functional is incorrect. We varied the Jacobson-Myers
functional, and found that the resulting equation was not the one we got from the bulk equation of
motion. We also varied the Wald functional when the bulk spacetime has maximal symmetries, and
found disagreement as well.
If one believes that the functional in [21] is the correct one for holographic entanglement entropy
in Lovelock gravity, then the generalized gravitational entropy suggested in [4] could not be taken as
the holographic entanglement entropy. On the other hand if one take the generalized gravitational
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entropy as the holographic entanglement entropy, then one should find what was omitted in [21] and
furthermore find the correct functional that leads to the constraint equation. This inconsistency between
generalized gravity entropy and Jacobson-Myers functional certainly deserves further investigation. We
wish to come back to this issue in the future.
Even though generically the Jacobson-Myers functional is not exactly the one for generalized grav-
itational entropy, it could be a good approximation. As shown in Section 4, the difference between the
constraints equations consists of the cubic and higher order terms of the extrinsic curvatures. In the
case that such terms could be negligible, one may use the Jacobson-Myers functional to compute the
generalized gravitational entropy. However one must justify this approximation case by case.
In this note, our discussion is based on the approximations in the geometries (2.14) and (2.16).
However, in the gravity theory with higher derivative terms, such approximation could be too restrictive.
It would be very interesting to investigate if the relaxation of the approximation may resolve the puzzle.6
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A Curvatures of the conical geometry
In this appendix we give the details of the calculation of the curvature tensors of conical geometry
(2.16). The nonvanishing components of the Christoffel connection, Riemann tensor, Ricci tensor and
Ricci scalar are
Γαβγ = ∂βρδ
α
γ + ∂γρδ
α
β − ∂αρgβγ ,
Γαij = −(1− 2ρ)K(α)ij ,
Γijα = K
i
(α)j ,
Γijk = γ
i
jk, (A.1)
6We would like to thank the anonymous referee to inspire this discussion.
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Rαβγδ = ∂β∂γρgαδ + ∂α∂δρgβγ − ∂β∂δρgαγ − ∂α∂γρgβδ,
Rijαβ = K(α)ikK
k
(β)j −K(α)jkK
k
(β)i ,
Riαjβ = K(γ)ij(∂αρδ
γ
β + ∂βρδ
γ
α − ∂γρgαβ)−K(α)jkK k(β)i ,
Rαijk = DkK(α)ji −DjK(α)ki,
Rijkl = Rijkl + (1 − 2ρ)(K(α)ilK(α)jk −K(α)ikK(α)jl ), (A.2)
Rαβ = −∂γ∂γρgαβ +K(γ)(∂αρδγβ + ∂βρδγα − ∂γρgαβ)−K(α)ijKij(β),
Rαi = DjK
j
(α)i − ∂iK(α),
Rij = Rij − (1 − 2ρ)K(α)K(α)ij ,
R = R− 2∂γ∂γρ− (1− 2ρ)(K(α)K(α) +K(α)ijK(α)ij). (A.3)
There are some comments for the results. What we mean Γijk = γ
i
jk is that this components of
Christoffel connections given by gµν and hij are the same to the leading order. The symbol Di means
covariant derivative of hij . The curvature tensors Rijkl , Rij and R are defined by hij , and so they
are the intrinsic curvatures of Σ. We have focused on the terms to the leading order of ǫ, and the
leading terms when r → 0. Also the terms proportional to ∂γ∂γρ and ρ could be omitted under our
approximations.
Besides the curvature Rµνρσ defined by gµν and the curvature Rijkl defined by hij , there is also
the projected curvature Rijkl which is the pullblack of Rµνρσ on M to Σ, and its definition could be
written formally as
Rijkl ≡ ∂iXµ∂jXν∂kXρ∂lXσRµνρσ, (A.4)
with xµ = Xµ(y) characterizing the embedding of Σ in M. For the conical geometry (2.16) and under
our approximations we have
Rijkl = Rijkl = Rijkl +K(α)ilK(α)jk −K(α)ikK(α)jl ,
Rik ≡ hjlRijkl = Rik +K(α)ij K j(a)k −K(α)K(α)ik,
R ≡ hikRik = R+K(α)ij Kij(α) −K(α)K(α). (A.5)
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It is also useful to write α, β, · · · in the (z, z¯) coordinates
Rizjz = 2K(z)ij∂zρ−K(z)ikK k(z)j ,
Riz¯jz¯ = 2K(z¯)ij∂z¯ρ−K(z¯)ikK k(z¯)j ,
Rizjz¯ = −K(z)ikK k(z¯)j ,
Rzz = 2K(z)∂zρ−K(z)ijKij(z),
Rz¯z¯ = 2K(z¯)∂z¯ρ−K(z¯)ijKij(z¯),
Rzz¯ = −K(z)ijKij(z¯) = −
1
4
K(α)ijK
(α)ij .
(A.6)
B Details of the calculation for Lovelock gravity
In this section, we present the details of the calculation of (3.10). Using (A.6) we have
P
ρσλ
(m)z Rzρσλ =
1
2
R
z¯ρ
σλP
σλ
(m)zρ = R
z¯i
zjP
zj
(m)zi +R
z¯i
z¯jP
z¯j
(m)zi +
1
2
Rz¯ijkP
jk
(m)zi + · · · . (B.1)
We can show that
Rz¯izjP
zj
(m)zi =
m(2m)!
2m
Rz¯izjδ
zjµ2ν2···µmνm
ziρ2σ2···ρmσm
Rρ2σ2µ2ν2 · · ·Rρmσmµmνm
=
m(2m)!
2m
Rz¯izj
(
δ
zji2j2···imjm
zik2l2···kmlm
Rk2l2i2j2 · · ·Rkmlmimjm
+ 4(m− 1)Rz¯lz¯kδzz¯jki3j3···imjmzz¯ilk3l3···kmlm Rk3l3i3j3 · · ·Rkmlmimjm (B.2)
+4(m− 1)(m− 2)Rmnz¯k Rz¯lpqδzz¯jkpqi4j4···imjmzz¯imnlk4l4···kmlmRk4l4i4j4 · · ·Rkmlmimjm
)
,
Rz¯iz¯jP
z¯j
(m)zi =
m(2m)!
2m
Rz¯iz¯jδ
z¯jµ2ν2···µmνm
ziρ2σ2···ρmσm
Rρ2σ2µ2ν2 · · ·Rρmσmµmνm
= −m(2m)!
2m
4(m− 1)Rz¯iz¯jRz¯lzkδzz¯jki3j3···imjmzz¯ilk3l3···kmlm Rk3l3i3j3 · · ·Rkmlmimjm , (B.3)
1
2
Rz¯ijkP
jk
(m)zi =
1
2
m(2m)!
2m
Rz¯ijkδ
jkµ2ν2···µmνm
ziρ2σ2···ρmσm
Rρ2σ2µ2ν2 · · ·Rρmσmµmνm
=
m(2m)!
2m
4(m− 1)(m− 2)Rz¯ijkRz¯mzl Rpqz¯nδzz¯jklni4j4···imjmzz¯impqk4l4···kmlmRk4l4i4j4 · · ·Rkmlmimjm , (B.4)
and then we have
P
ρσλ
(m)z Rzρσλ =
m(2m)!
2m
Rz¯izjδ
zji2j2···imjm
zik2l2···kmlm
Rk2l2i2j2 · · ·Rkmlmimjm . (B.5)
According to our convention, we have
δ
zji2j2···imjm
zik2l2···kmlm
=
1
2m
δ
ji2j2···imjm
ik2l2···kmlm
=
1
2m(2m− 1)
(
δ
j
i δ
i2j2···imjm
k2l2···kmlm
− (2m− 2)δj[k2δ
i2j2···imjm
|i|l2···kmlm]
)
. (B.6)
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Then using (A.6) and Rijkl = Rijkl , we have
P
ρσλ
(m)z Rzρσλ = −4∂zρK(z)ijm
(
P
i
(m−1) klpR
jklp − 1
2
L(m−1)h
ij
)
(B.7)
with the definition
P
klp
(m−1)i ≡
∂L(m−1)
∂Riklp
. (B.8)
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